Let R be a commutative Noetherian ring with non-zero identity, a an ideal of R, M a finitely generated R-module, and X an arbitrary R-module. In this paper, for non-negative integers s, t and a finitely generated R-module N , we study the membership of Ext
Introduction
Throughout R is a commutative Noetherian ring with non-zero identity, a is an ideal of R, M is a finite (i.e. finitely generated) R-module, and X is an arbitrary R-module which is not necessarily finite. For basic results, notations, and terminology not given in this paper, readers are referred to [5, 6, 20] .
Let L be a finite R-module. Grothendieck, in [11] , conjectured that Hom R (R/a, H j a (L)) is finite for all j. In [12] , Hartshorne gave a counter-example and raised the question whether In this paper, we study Ext In Section 2, we present some technical results (Lemma 2.1, Theorem 2.2, Theorem 2.9, and Theorem 2.14) which show that, in certain situation, for non-negative integers s, t, s ′ , t ′ with s+t = s ′ +t ′ , Ext Section 3 consists of applications. In this section, we apply the results of Section 2 to some Serre subcategories (e.g. the class of zero R-modules and the class of finite R-modules) and deduce some properties of generalized local cohomology modules. In Corollaries 3.1-3.3, we present some upper bounds for the injective dimension and the Bass numbers of generalized local cohomology modules. We study cofiniteness and minimaxness of generalized local cohomology modules in Corollaries 3.4-3.8. Recall that, an R-module X is said to be a-cofinite (resp. minimax) if Supp R (X) ⊆ Var(a) and Ext i R (R/a, X) is finite for all i [12] (resp. there is a finite submodule X ′ of X such that X/X ′ is Artinian [26] ) where Var(a) = {p ∈ Spec(R) : p ⊇ a}. We show that if Ext i R (R/a, X) is finite for all i ≤ t and H i a (M, X) is minimax for all i < t, then H i a (M, X) is a-cofinite for all i < t and Hom R (R/a, H t a (M, X)) is finite. We prove that if Ext i R (R/a, X) is finite for all i ≤ ara(a), where ara(a) is the arithmetic rank of a, and H i a (M, X) is a-cofinite for all i = t, then H t a (M, X) is also an a-cofinite R-module. We show that if R is local, dim(R/a) ≤ 2, and Ext
is a-cofinite for all i. In Corollary 3.9, we state the weakest possible conditions which yield the finiteness of associated prime ideals of generalized local cohomology modules. Note that, one can apply the results of Section 2 to other Serre subcategories to deduce more properties of generalized local cohomology modules.
Main results
The following lemma is crucial in this paper. Lemma 2.1. Let X be an arbitrary R-module and let M, N be finite R-modules. Then we have third quadrant spectral sequences
Proof. Assume that
is a deleted injective resolution of X. By applying Hom R (M, Γ a (−)) to E •X , we get the complex
is a Cartan-Eilenberg injective resolution of Hom R (M, Γ a (E •X )) which exists from [20, Theorem 10 .45]. Now, consider the third quadrant bicomplex T = {Hom R (N, T p,q )}. We denote the total complex of T by Tot(T ).
(i) Let I E 2 = H ′p H ′′p,q (T ) be the first iterated homology of T with respect to the first filtration. We have 
which yields the third quadrant spectral sequence
(ii) Let II E 2 = H ′′p H ′q,p (T ) be the second iterated homology of T with respect to the second filtration. Note that every short exact sequence of injective modules splits and so it remains split after applying the functor Hom R (N, −). By using this fact and the fact that T •,• is a Cartan-Eilenberg injective resolution of Hom R (M, Γ a (E •X )), we get
Therefore, by [10, Lemma 2.
which gives the third quadrant spectral sequence
as desired.
Assume that s, t, s ′ , t ′ are non-negative integers and that N is a finite R-module. In the following theorem, we provide an isomorphism between the R-modules Ext
Theorem 2.2. Suppose that X is an arbitrary R-module, M, N are finite R-modules, and s, t, s ′ , t ′ are non-negative integers such that (n =)s + t = s ′ + t ′ . Assume also that
Proof. By Lemma 2.1(ii), there is the third quadrant spectral sequence
For all r ≥ 2, let II Z 
There exists a finite filtration
H n for all r ≤ n. Note that for each r = t, II E n−r,r ∞ = 0 by assumption (iii). Hence we get
On the other hand, by Lemma 2.1(i) and assumptions (iv), (v), and (vi), a similar argument shows that
The following corollary is an immediate application of the above theorem and generalizes [22, Theorem 2.21].
Corollary 2.3. Suppose that X is an arbitrary R-module, M, N are finite R-modules, and s, t are non-negative integers. Assume also that
Proof. Take s ′ = s + t and t ′ = 0 in Theorem 2.2.
The next result provides an isomorphism between the R-modules Ext
Corollary 2.4. Suppose that X is an arbitrary R-module, M, N are finite R-modules such that
, and s, t, s ′ , t ′ are non-negative integers such that (n =)s + t = s ′ + t ′ . Assume also that
Proof. It follows from [22, Lemma 2.5(c)] and Theorem 2.2.
The next corollary generalizes [2, Theorem 3.5].
Corollary 2.5. Suppose that X is an arbitrary R-module, M, N are finite R-modules such that
, and s, t are non-negative integers. Assume also 
, and t is a non-negative integer. Assume also that
Proof. Apply Corollary 2.5 with s = 0.
Recall that a Serre subcategory S of the category of R-modules is a subclass of R-modules such that for any short exact sequence
the module X is in S if and only if X ′ and X ′′ are in S. Let λ : S −→ T be a function from a Serre subcategory of the category of R-modules S to a partially ordered Abelian monoid (T , •, ). We say that λ is a subadditive function if λ(0) = 0 and for any short exact sequence (2.1) in which all the terms belong to S,
In this paper, S is a Serre subcategory of the category of R-modules, (T , •, ) is a partially ordered Abelian monoid, and λ : S −→ T is a subadditive function.
Lemma 2.7. (cf. [18, Corollary 2.5] and [13, Proposition 3.4(i)]) Let N be a finite R-module, X an arbitrary R-module, and t a non-negative integer such that Ext
Proof. Use an induction on t. Note that, by Gruson's theorem [24, Theorem 4.1] and for a finite R-module L, there is a finite filtration
of submodules of L such that for all 1 ≤ j ≤ n, there exists a short exact sequence
where α j is an integer.
In Corollary 2.8. Let X be an arbitrary R-module, M a finite R-module, and t a non-negative integer such that H i a (M, X) = 0 for all i < t. Then, for every finite a-torsion R-module N , we have
Proof. By [22, Corollary 2.17], we have Ext i R (M/aM, X) = 0 for all i < t. Therefore, from Lemma 2.7, Ext
by Corollary 2.6. For the last part, note that we have
In the next theorem which is a generalization of [22, Theorem 2.13], we present sufficient conditions which convince us that Ext Theorem 2.9. Suppose that X is an arbitrary R-module, M, N are finite R-modules, and s, t are non-negative integers. Assume also that
Proof. By Lemma 2.1(i), there is the third quadrant spectral sequence
For all i ≤ s + t, we have I E
) from the fact that I E s+t−i,i s+t+2 is a subquotient of I E s+t−i,i 2 which is in S by assumption (i). There exists a finite filtration
for all i ≤ s + t, show that H s+t is in S and
On the other hand, by Lemma 2.1(ii), there is the third quadrant spectral sequence
Thus there exists a finite filtration 
).
2 is in S and we have
which completes the proof.
As an immediate application of the above theorem, we generalize [2, Theorem 2.3] in the next result. 
Proof. This follows from [22, Lemma 2.5(c)] and Theorem 2.9.
Recall that, a Serre subcategory of the category of R-modules S is said to be Melkersson with respect to a if for any a-torsion R-module X, (0 : X a) is in S implies that X is in S (see [ 
and t is a non-negative integer. Assume also that
Then Hom R (N, H t a (M, X)) ∈ S. In particular, H t a (M, X) ∈ S whenever N = R/a and S is Melkersson with respect to a.
Proof. Take s = 0 in Corollary 2.10.
Remark 2.12. Let X be an arbitrary R-module, M a finite R-module, and t a non-negative integer such that Ext t R (M/aM, X) ∈ S and H j a (X) ∈ S for all j < t. Let i be an integer such that 1 ≤ i ≤ t. Since Ext
On the other hand, we have H 
Proof. Put s = 1 in Corollary 2.10. Theorem 2.14. Suppose that X is an arbitrary R-module, M, N are finite R-modules, and s, t are non-negative integers. Assume also that
Proof. The proof is sufficiently similar to that of Theorem 2.9 to be omitted. We leave the proof to the reader. 
Proof. Put t = 0 in Theorem 2.14. The last part follows from [22, Lemma 2.5(c)].
Recall that, an R-module X is said to be (S, a)-cofinite if Supp R (X) ⊆ Var(a) and Ext i R (R/a, X) ∈ S for all i [2, Definition 4.1]. Note that when S is the category of finite R-modules, X is (S, a)-cofinite exactly when X is a-cofinite. 
Proof. Follows from Lemma 2.7, [22, Lemma 2.5(c)], Corollary 2.15, and using an induction on t.
More applications
Let X be an arbitrary R-module. We denote id R (X) and fd R (X) as the injective dimension and the flat dimension of X, respectively. In [21] and for a given non-negative integer t, the first author compared the injective dimension of local cohomology module H t a (X) with the injective dimension of X and those of some other local cohomology modules H i a (X) where i = t. He proved, in [21, Theorem 2.8] , that the inequality
holds true. In the next result, we generalize the above inequality.
Corollary 3.1. Let M be a finite R-module, X an arbitrary R-module, and t a non-negative integer. Then
Proof. Assume that the right-hand side of the inequality is a finite number, say r. Assume also that s > r and N is a finite R-module. Apply Theorem 2.9 with S = the category of zero R-modules to get Ext For a prime ideal p of R, the number µ i (p, X) = dim κ(p) (Ext i Rp (κ(p), X p )) is known as the ith Bass number of X with respect to p, where κ(p) = R p /pR p . When R is local with maximal ideal m, we write µ i (X) = µ i (m, X) and κ = R/m. For given non-negative integers s and t, it was shown in [8, Theorem 2.6] that
We generalize the above inequality in the following corollary.
Corollary 3.2. Let R be a local ring, M a finite R-module, X an arbitrary R-module, and s, t non-negative integers. Then
Proof. Take N = κ in Corollary 2.10.
As an application of the above corollary, we have the following.
Corollary 3.3. Let R be a local Cohen-Macaulay ring with maximal ideal m and let M be a finite R-module with finite projective dimension. Then
for all s. Corollary 3.4. Let M be a finite R-module, X an arbitrary R-module, and s, t non-negative integers such that X) is a-cofinite for all i < t, and In the next two results, we generalize and improve [4, Theorems 3.7 and 3.8].
Corollary 3.7. Let R be a local ring, a an ideal of R with dim(R/a) ≤ 2, M a finite R-module, X an arbitrary R-module, and t a non-negative integer such that Ext i R (R/a, X) is finite for all i ≤ t + 1. Then the following statements are equivalent:
is an a-cofinite R-module for all i < t;
(ii) Hom R (R/a, H i a (M, X)) is a finite R-module for all i ≤ t.
Proof. (i)⇒(ii). This follows from Lemma 2.7 and Corollary 2.11.
(ii)⇒(i). It follows from Lemma 2.7, Theorem 2.9, [4, Theorem 3.5], and using an induction on t. Corollary 3.9. Let X be an arbitrary R-module, M a finite R-module, and t a non-negative integer such that 
